Operations Developmental Map — A Visual Overview

Concept 1

Addition leads to a total

and subtraction indicates
what's ng. Addition and
subtraction arc intrinsicaily
related.

Concept 2
Multiplication and division

are extensions of addition and
subtraction. Multiplication and

division are intrinsically related.

Concept 3

There are many algorithms
for performing a given
operation with multi-digit
numbers.

Skifl 1

Recalls facts.

Skilt 2

Uses standard mental math
and estimation procedures
with multi-digit numbers.

Skill 3

Computes with multi-digit
whole numbers and decimals
using pencil and paper without
the aid of a calculator.

Phase 1

Focus on counting to solve probiems

This student solves simple concrete adding and
subtracting problems. $/he counts 10 solve the
problems, usually counting onc 1tem at a time

00
seve °°°

* X amgomg to put the apples ond oronges together
T count to see how mony there ore cltogether:
12345678910 Thersors I preces of frst
* Iamgomng to Toke oway 3 green opples
ncmvnmmmepplunkfr
123 4 Thereare 4 opples keft. s

This student uses repeated addition 1o count
the total of a set of equal groups and d

Phase 2

Concrete

Formal operations with numbers Lo
Concrete operations with numbers

This student relates subtraction to addition, is
familiar with several meanings of subtraction,
and creates and solves addinon and subtraction
problems. S/he begins to use strategies to
simplify computations.

* Tosobvell-54 i I conodd:
I thank, “What do Todd 1o 5 to get 1L (5 » 11 = 11"
Then, T thek, "5 more to get to T ond I mere te 11 Thors 6°
* WhenTsee fi- 5 sometimes I thedk, “How much ¢ left £ T
toke 3 away from 117" ond sometimes I thenk, “How muth
more is 1} than 577
I con create. represent ond solve problems:
Kewin has 18 cords. Jen bt 12 cords
How many more does Kevin have?
[ifdiadasaaisddisa)
litsisiousaie]
L ERFTY
* Econodd 53 + 10 by changing Yh:5'96
's just odding 1 ten 53« 103 ¢

This smdem is beginning tobe comforuble wkh
plication and division ion to d

P

subtraction to count the number of equal
groups n a total

& RE &R EE

* Tooncount the bears to find cut how many there are.
12 then3 4 then 6.and then? 8 There are 8 beors
- X congve 2 armes 1o each of my frends
2 for Jessica, 2 for Kio, 2 for Will, ond 2 for me

Concept 1 does not apply to this phasce

This student recalls addition facts with sums 10 10

and related subtraction facts

®®

* T conadd the numbers: I know 4 and 6 is 10
* 1oonsbtroct the members I know b toke away 4 i8 2

Skall 2 does not apply to this phase

Skall 3 does not apply to this phase

concrete or pictorial situations presented in a
context. S/he solves and creates simple

Phase3

Whole Number Cornfort

Formal operalmns with whoie numbers;
Cancrete operations with decimals

Gurde (o Using the Developmental Llap, page B4

Ths student creates and solves whole number

addation and subtraction problems, knows when to

csumate, and uses addition and subtraction

PROFESSIONAL RESQURGES AND INSTRUCTION FOR MATHEMATICS EDUCATORS

Fluency with whole number aperations;
Formal operations with decimals

A,

‘This student uses mathematical principles to
simplify calculations with whole numbers and
decimals. S/he solves and creates complex

prinaiples 1o calculate. S/ he relates add: 1) probl lving whole and simple
b and adds/ sub t0and 100 ) dd and subtraction de: probl
+ Tconcrecte ond soive o probiem for 137 - 3 # 182 * I con solve some comphcated whoie rumber
Thove $137 ond need 3182 Ln $50 more enough? problems
Ineed to tolculate exoctly 1o find cut becouse Abby climbed 198 steps and then ancther
137 + 30 close 10 182 78 steps of the ON Tower How many more
137+ 7 £ 182 ————» 182- 137 steps must she clenb? n
182-100-30-T243 Stepl 198+78:2200+76=276

g Ihv-ﬂu!-mhehmdtpbu:hmgatn‘m
125 + 100 7 129, since 1t's 1 more hundred.

* Topchu0T-04 Ithnk
“What da Xodd to 4 tenthy to moke 7 tenths?”

00000
o:_o! [

This student uses symbolic notation to describe a

Step 2 176%- 300 1 1469 (3001 276 + 24)
1769~ Z76 = 1469 » 24 = 1493 steps
* I can solve surple adding and
subtrocting problems with decumals.
TJenna spent $185 ond poed weth 0 $5 bl
How much change wil she get?
5-188 ——+ 185.0:5
185+015+3:9
She gets $3.15 change.

1185 apn

This student solves and creates whole number

variery of multipl and division i bl knows when to csdmau: and interprets
S/hcusesm-alegienomu]dply and solves and ders. She simplifi P and
Teipl! creates muktiplication p S/he muluph division of whole bers and interprets

cation and division problems concretely.

« = T conhigure out how many wsce boxes there are in

4 packs of 3 by modedling with counters

® ® o o
o0 00 00 00
43«02

* T canmake up ond solve o dmsion problem for the couters
There are 12 cookues and 4 people sharsng.
How mony cookies wil each person get?
12-4:3

This student invents personal approaches to
add and subtract 1-digit and 2-digit
whole numbers.

* Toodd 28 « 14, Td 0dd 10 (1 rod) to gt 38 then
2 more [2 small cubes) to get 10 40 ond then 2 more.

{2 small cubes) o get 10 42:
GO
-1+ <] g
go+rp+rog+o= <]
Ga

W3 12082

* Tombtroct 23 - Hinmy heod Twoukd subtroct 340 get 1o
20 ond then 2 more to ge* 10 18
23-5:123-3.2
*18

This student recalls addinion facts 10 9 + 9 and
related sub facts and multipl facts
10 $ x § and related division facts.

T krow my addition focts to . on
9-9x o some atrocton | Foii e
focts te tB- 513 Sometimes, subtraction facs ol
Tuse oddition facts te helpwith | roitiphcation

7= T thnk "Be§z 7 90
17-9:8°

* T know my muthphcoton focts
108 x5 ¢ 2% ond some
dgron facts 10 258 - 53 5

focts To frgure out 12+ 4.1
thenk "Yn 412012 -4:23"

This student rounds 2-digit numbers to the
nearest 10 and applies mental addition and
subtraction with these rounded numbers to
estimate sums and differences

bl a3
]

T
0 n 2 ]

-~ Iconround 43+ 2510 40« 30 Then T conodd

4G5 + 30 in my hend using odding focts

Atens~ 3 tens = 7 tengor 70

Iconround 43 - 25 10 40 - 20 Then I con mibtrect

40 - 20 i my heod using subtrocting facts

ftens~ L vens x U tengor 20

1 zon sofve 26 + 10 ond 54 - 10 i my head by changwng the

tens ploce digpt:

6+ 0c pond - 102 4

T T T

This student adds three single-digit numbers.

* Teonodd2+ 3+ inmy heod.
2-3uSondthen 227,

* I sometimes need o model for oddng bigger rumbers ike

#eT+8
®e @,0/0]0I0
000ee OO0

4+708.19

v

by 10 and 100 and uses multiplication to divide,

* Tknow 3 x Sond 15« 3 con describe different siuations

multiplication and division decimal situations.

* 1 con make up ond soive o problem with addition and devisiors |
Two classes one with 26 students and one with 28 students. |

KX XM X
XK X X ﬁ‘ “ are forming teoms of 5 How mony teams are there?
XXAXX @ 26428334 0nd34-5: 1004
A 1 3 (4 left over meons 1 teom of 4 or 4 teams of 6)
© EhwwdxSstwcedad - 1canestimate to
* Throwx 100w 31 hundred s 3 hurdredis cr 300 :;;’::z,o" Q}
+ Iconsolve 20~ hundong *% x 1 . sherts, becouse
. xm’I m:s.of«:d,t . mx i friter- iy
coereste fpicaton - Teonsoive 3.x =402 usng 402- 3 ©
¥ con ecdudote 123 w43 1 ond 436 - 72 + X com gy 17 x 100+ 1700
= I know 0.5 x 40 meons holf of 40 ond
- 1 know 4.2 - 3 meons § of 42 tenths
= v . M
This student explains a vanety of pmccdurufar ﬂmmﬂuuaphmmzhmdetmnﬁng.
adding, subtracting. muluplying, and d for adding and subtracting si
whole numbers and mental proced foraddmg deama!sandfummlnpipnganddiwdmgwtnle

and subtracting 1- and I~dlgix numbers.

* Toodd 36 + 28, ['d odd 30 and 20 to get S0 ond 6 ond l to
get 14 Then, T'd add 50 and 14 10 get 64
To subtract 148 - 57 I'd subtroct 48 and then 10 more
{rhat's 58) and then I'd odd 1 (becouse T subtracted 58
wgtead of 571

= Tormutply Jx2b 1 oo o0 1]
mode 3 groups of 26 (-1 8o - 2]
ceunted the ones. oo oo oo
regrouped ond then .
conted the tens. (T

+ Toodd 36+ 9w my heod. T'd add 10 (becouse it's ensy to odd
12} 10 get 6 48 ond then muibtroct 1 (because adding 10 was |

o0 mary) to get 1o 47

This student recalls alt the multiplication facts to
9 x 9 and most related division facts.

+ Thowollmy
hc?nwxﬂxslad ‘ s.7-3sww.1-xj
mesy of my division focts
1o81-929 Semetmes =)

Thus student rounds whole numbers to the
nearest 10 and 100 to esumate sums and
diffe s, and lly adds, sub
mulaplies with 10 and 100.

and

= 382+ 217 i3 obout 400 « 200 = 500

382 - 217 is cbout 400 - 200 = 200
1y 2
|
.'J u
T i T T T
0 100 300

> 387101597, 874100 <87
¢ 37102577587~ 100 ¢ 167
* 3x10%30 3x100%300 32202320

Ths student adds and subtracts 3-digit numbers
symbolically. 5/he sometimes uses concrete
materials to muluply 2- and 3-digit bers by

numbers by 2-digit whole numbers. S/he also adds,
b and rnhtiplies whole numb Iy

¥

* T con expioen how o odd 14 - 265
Td chonge 14 10 140 Then, T'd add up esch phoce welve
Stortng with the

I con muttply 12 x 13 uswg o bese. F:;, ik g
ten block rectonghe. i —;'
1 con doncie 247 -6 ¥ therk B =
“40 b 9240 Thats 40 groups of 6 =
So.its | more grovp of famla —
remender of 17 1301 ten, 3 onen)

* I condo lots of adding rbtrocting end mulbtiplyng i my
heod, even b x 48

6x4Brbx40+6x8

=288

Skill 1 does not apply to this phase.

This student rounds whole numbers to estimate
pmduas. rounds decimals to the nearest whale of
i sums and diffe and

BEPRIME

flexible
Fiuency with whole number and decimal operations;
Concrete operations with integers and fractions

o -
Thu studcnr adds slmple.ﬁncdons conmldy
solves problems involving addition and subtraction
of decimals, and knows when it’s appropriate to

e 4

* 1 con sobve thus problem.
My doctor predhcts T wil grow to be 1 76 m toll
1 was 1 3% m lost yeor ond grew 0.13 m ths yeor
How mony more metres might T grow?
133017146 —* 176-146:03m

+ T con estwngte to decde if there's enough wood to cut
2peeces. 32mond 21m froma 6 m length becouse
324214 pstabet more than 5

————

Thls student knows dut a dcnmal quotient is

ofa in different
ways, and solves and creates simple multiplication
and division problems involving whole b
and decimals.

* The decimal in the answer below means that. of T dnde |
127 wrte 6 equal groups. thers would be o remainder” |
01666666  a kot less than 05 50 the remainder would
be alo? kess than half of &

- Sometwnes I underestimate. ke when I estenate if T |}
have enough money to buy something. But. sometwmes I
averestimate. like when I estimate the total cost of
things I buywg
1 con moke @ o decimal muthipharhon problem.

There s 148 L of gice 1na con How much space 5 left
nabl prcher ofter 3 cons of juce are poured in?

This student selects methods to add, subtract.
muluply, and divide, S/he performs mental
addition and subtraction with some deamals and
mental multplication and division with suitable
whale numbers.

- I con coloulate decimals

inmy head To sk 0594099

¥ 1ot
a~d take awiny
To mdrply 485
£ wonided rradvpsly 4.8 by 10
ond then roke helf.
Bur tomedtoiy 48 x4
T workd couble 4.8 twce.
» Toodd 989, I exuki odd
10. then toke cmoy .1 ond
then tokesmey 001

Skill 1 does not apply to ths phase.

This student uscs benchmarks to round whole
numbers 1o estimate and rounds decimals to
1 products. S/he menally adds, subtracts

mu!uphs whole numbers by powers of 10.

+ 1 con mudnply by 100 ond
1000 in my heod

A7 00 m 41 x | hurdred
=il

hundreds

57 x 49 13 obout
0 x 50 * 3000

1364+ 238 15 cbout
135¢24=375

This student multiplies and dxvidu by ﬂnglc digit
whole bers and 2-digit
bolically. S/ be adds and subtr:cu decimal

i-digit numbers and divide 2-digit numbers by
1digit numbers.

» T con odd ond subiract aup
342 342
298 A58
40 184
90
=10
%00
T con multiply ond dde.
& oo oo floo floe
60 . .f{oo Hoo [loo
x3 oo oo Hoo Hoeo
H oo

aelelh

tenths and hundredths and mul decimals by
1-digit whole numbers.
* T con mutteply and dmde whole rumbers
;aje 100 -10 9+ 119
x5 3'3s7 — 31300-30-27
70
* I conodd. subtroct, and muttply decsmals
Sometimes I use monepulatives to help me.
138 — 0000
+192 ~ 0000
& oe
2u 12-34242-3-04
x3 =86

702

and multiplies decimals and whole numbers by
powers of 10

* I con colculate decwnals in
my heod 356+ 1000 = 1035 60
35610256
356 . 100 « 3560
156§:01=356
¢ Thnow 2336 + 813 between
2500 + 12 = 250 and
240C - B3 300
*+ Iknow 37849 s about
4x10:40

This student adds and subtracts decimals as well
as whole numbers beyond 10 000 and divides
decimals by 1-digit whale numbers.

- T con odd and subtroct decumals ond rumbers

beyond 100 000:
LREE ) i
1249 123 893
34T bt
[EE] 181029
* I con dende decwmois by 1-dut whole numbers:
[ 182
3546



